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TOPOLOGICAL HOCHSCHILD HOMOLOGY OF K/p AS A 

MODULE 

_ SAMIK BASU^ 

^ ! 
O 

, Abstract. Let R be an E^-Y\ng spectrum. Given a map from a space X to BGLiR, 

one can construct a Thom spectrum, X'' , which generahses the classical notion of Thom 
spectrum for spherical fibrations in the case R = the sphere spectrum. If X is a loop 
space (~ QY) and is homotopy equivalent to Qf for a map / from Y to B^GLiR, then 
the Thom spectrum has an Aoo-ring structure. The Topological Hochschild Homology of 
CO , these Aoo-ring spectra is equivalent to the Thom spectrum of a map out of the free loop 

space of Y. 

This paper considers the case X — , R — Kp , the p-adic /("-theory spectrum, and 
= 1 —p £ mBGLiKp . The associated Thom spectrum (S^)^ is equivalent to the mod p 
-R"-theory spectrum K/p. The map is homotopy equivalent to a loop map, so the Thom 
, spectrum has an Acx)-ring structure. I will compute tt^THH^p {K/p) using its description 

' as a Thom spectrum. 
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1. Introduction 

The goal of this paper is to use generalised Thom spectra to calculate the Topological 
Hochschild Homology of K/p in the category of modules over K!}. 
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Let i? be a ring spectrum and GLiR its space of units. It is the H-space of homotopy 
automorphisms of R as an i2-module. An i?-twisting of a space X is a continuous map 
( from X to BGLiR. Associated to C,, one can define the Thom spectrum of C,, (see 
[2]). This notion speciahses for R = io the Thom spectrum of a spherical fibration. 
The homotopy groups of X'^ is the group of twisted R homology classes with respect to the 
twisting C,. 

Suppose that R is an Eoo-nng spectrum. Then its space of units is an infinite loop space. 
Given a map f : BG ^ B^GLiR, let ( c^i nf : G ^ BGLiR. Then the Thom spectrum 
G'^ admits an Aoo i?-algebra structure. 



1.1. K/p as a module over Kp. Suppose that R = K^, the spectrum of p-adic K-theory. 
Let G be the group S^. A twisting on is a map C '■ ^ BGLiK^. This is classified 
by the group ■ki{BGLiK^) ^ tto{GLiK^) ^ . If we choose ( = 1 - p e , then the 
Thom spectrum {S^)^ ~ K/p, the mod p i^-theory spectrum. Moreover, the twisting 
can be realised as a loop map, and so, for every way of writing C ~ Qf we get an ^oo-ring 
structure on K/p as an i^p -module. 



1.2. Topological Hochschild Homology of Thom spectra. Given a map / from X to 
B'^GLiR, let G ~ OX and C ^ : G ~ J^X ^ BGLiR. In this case, the Thom spectrum 
G^ has an j4oo-ring structure. We write rj* f for the composite 

LX ^ LB'^GLiR^^ B'^GLiR x BGLiR 

r] X id 

Y 

BGLiR X BGLiR >BGLiR 



where r; : Si? ^ i? is induced from A 5'° via /\ R ^ f\ R R. In the above 
situation, THH^{G^) ~ LX'^* ^ . The case R = was proved in |4j. The same argument 
applies for general R. 

Using this identification of THH as a Thom spectrum, we compute the Topological 
Hochschild Homology of K/p. For odd primes p. 



2A; + 1 

where i is an integer between 1 and p — 1 depending on the choice of / with Q — il/. 

Similar results were obtained before by Angeltveit in [T]. He used the Bokstedt spectral 
sequence (see [5], chapter IX). 

We can also form mod p X-theory as a Thom spectrum by starting with X = , R = Kp 
and ( = p G TTs^BGLiKp) = iT2{GLiKp) = Zp. Again, this C can be realised as a loop map 
and we can compute THH of these A^o-nng structures in an analogous way. This gives the 
same results. 
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2. The Thom spectrum 

The notion of a generalised Thom spectrum used here is discussed in detail in [2]. The 
construction resembles a twisted version of the group ring. Given an extension of a group 
G by the units in a field k, 

the algebra A;'^[G] = '^[E] (^^[fc*] /c is a twisted group ring. If the extension r is trivial, one 
gets the group ring k[G]. Imitating this definition of a twisted group ring for spectra leads 
to the construction of the Thom spectrum. One replaces the field k by an E'oo-ring spectrum 
R, and the units k* by the space of units GLiR acting on R. 

2.1. The space of units and the Thom spectrum. The space of units of a ring spectrum 
is a generalisation of the group of units of a commutative ring, the set of invertible elements 
under multiplication. It is defined to be the components of r2°°i? that lie over the units in 
ttq{R). Following [2J, we make the definition 

Definition 2.1. Let R be an E'oo-ring spectrum. Its space of units GLiR is defined to be 
the homotopy puUback, 



GLiR >n'^{R) 

TToiRr ^MR) 



It follows from the definition that the homotopy classes of maps from a space X to GLiR 
are given by 

[X, GLiR] = 

the units of the cohomology ring R^{X) = [X,Q,°°R\. 

From the pullback diagram one can read off the homotopy groups of GLiR, 



T^n^GL^R) - I ^^^^^^ .^^^Q 



We note that GLiR is an //-space for any ring spectrum R. If R is £^005 then GLiR is an 
infinite loop space: there is a connective spectrum gliR with O'^'-space is GLiR (Theorem 
3.2 in [2]). 

We can view Q,°°R as the space of endomorphisms EndR{R, R), in the topological cate- 
gory of i?-modules, and GLiR = Autji{R, R) C EndR{R, R) as the subset of weak equiv- 
alences. Therefore, the units GLiR is the space of homotopy automorphisms of R in the 
category of i?-modules. In this way, the infinite loop space GLiR acts on the spectrum R 
by weak equivalences, and i? is a module over the E^o rh^g spectrum S°°GLii?_|_. 



Definition 2.2. Given a map C : X — ?> BGLiR, let P be the GLiR bundle classified by C 
described as the pullback. 
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P > EGLi{R) 



X ^ y BGLi{R) 

and define the associated Thorn spectrum to be 

In the above denotes the derived smash product in the category of modules over 
the £'oo-ring spectrum S°°GLii?_|_ as in We note from section 7 of [2j, that the Thom 
spectrum functor commutes with homotopy colimits, and from section 8.6 of [2] that it 
generalises the classical Thom spectrum of a spherical fibration. 

The Thom spectrum of the map * — )• BGLiR is weakly equivalent to R, since the 
universal bundle associated to the inclusion of a point in BGLiR is isomorphic to GLiR 
and Yj°°GLiR-^- /^y:°°GLiR^ ^ ~ 

Similarly, the Thom spectrum of a map X — )■ BGLiR which is null homotopic is weakly 
equivalent to -R A X^. Indeed, the universal bundle associated to the constant map is 
X X GLiR. Then the Thom spectrum is x GLiR)+ /\^o.gLiR+ ^ - A 

Yj°^ G L\R^^ ''^s°°GLi-R+ R ~ R /\ 

Suppose that the space X ~ Sy, the reduced suspension on Y. Then, a map X 

BGLiR is described by a map Y S GLiR, via [X,BGLiR\ ^ [^Y,BGLiR\ ^ [Y,GLiR\. 
Such a C is a unit in R^{Y) which induces : R AY^ ^ R. 

Proposition 2.3. Suppose that ^ is a map from X ~ T,Y to BGLiR. Then, the Thom 
spectrum X'^ is equivalent to the homotopy colimit of (i? i? A — )• i?) where one of the 
maps is the projection pY and the other is u^. 



Proof. The space X is the homotopy colimit of * ^ y — >■ *, and this gives a homotopy 
pushout square of Thom spectra, 

>■ =t=C 



The Thom spectrum is weakly equivalent to R and Y^ ~ i? A y^, so the homotopy 
pushout can be written as 
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RAY+ ^ R 



R ^ (Ey)f 

Prom this, one obtains a Mayer Vietoris sequence for calculating the homotopy groups 

. . . ^ 7r*(ii: A Y+) TT^R) e TT^R) 7r*((Sy)^) . . . 

To compute the maps in this sequence, one must examine the GLii?-bundle over X ~ T,Y. 
This restricts to trivial bundles over the two copies of the cone of Y inside X and on their 
intersection Y, the bundles are identified via the map '.Y ^ GLiR. 

In the long exact sequence, there are two maps i?*(y+) — > tt^{R). One of these maps 
is given by the map from y to a point(py) and the other is the map defined in the 
preceeding paragraph. □ 

Remark 2.4. The proposition describes the homotopy groups of the Thom spectrum as 
twisted i?-homology groups. An i?-twisting on a space X can be defined as a 1-cocycle in 
the sheaf (of groupoids) - {units in R^ {X)} . The groupoid of units in is classified by 
the units GLiR, and therefore, 1-cocyclcs on X are equivalent to [X, BGLiR]. Therefore, 
a twisting is given by a continuous map C from X to BGLiR. 

For X = U ?7j a 1-cocycle defines units over Ui fl Uj satisfying a cocycle condition on 
further intersections. A twisted R homology class is an element in each R^,{Ui), two of which 
are identified using the values of the 1-cocyclc on the intersections. The abclian group of 
these classes is defined to be the twisted ii- homology of X with respect to the twisting (. 
This is isomorphic to the homotopy groups of the Thom spectrum X^. The proposition 
above verifies this in the case X = SF, where X is the union of two contractible open sets. 

2.2. Computations of some Thom spectra. 

Proposition 2.5. Suppose that C : ^ BGLiK^ represents 1—pe Tri{BGLi{K^)) = 
Tro{GL^{K^)) = Z;. Then, {S^)^ ~ K/p. 

Proof. By Proposition 2.3 with Y = S^, the Thom spectrum is a homotopy pushout 

V >■ 



Therefore, there is a cofibre sequence 
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Proposition 2.3 also identifies the left map in the sequence in suitable coordinates, to be 
given by the matrix 

' 1 1 
1 1-p 

Therefore, the cofibre sequence can be rewritten as 

so that {S^)< ~ K^/p ~ K/p. □ 

Remark 2.6. Consider the map C ■ ^ BGLi{{S^)p) given by (1 —p) as in the previous 
proposition. Then, (S"^)^ ~ {S^)p/p ~ Mp is the mod p Moore spectrum. In fact, for any 
( : ^ BGLiR, (5*^)^ ~ cofibre{l — : R ^ R). This follows from the argument above. 

Proposition 2.7. Let : 5^ — )■ BGLiKp represent the element p of 

[S^BGLiiK^)] = 7Ts{BGLi{K^)) = 7T2{GLi{K^)) = 7T2{K^) ^ Zp 

Then {S^)< ~ K/p. 

Proof. The space is homotopy equivalent to the suspension of S^. Proposition 2.3 implies 
the homotopy pushout 

K"" A Si -^K^ 



and the associated Mayer Vietoris cofibre sequence 

In suitable coordinates, the map in the Mayer Vietoris sequence is given by the matrix 

1 
1 p 

and the sequence can be rewritten as 

By Bott periodicity T.^K^ ~ so that (S'^)^ ~ K[^/p, as claimed. □ 

2.3. Ring Structures. Suppose R is an Soo-ring spectrum so that GLiR is an infinite 

loop space. Given f : X ^ B^GLiR, and C : G ~ ^ BGLiR, the Thorn spectrum G'^ 
has an ^oo-ring structure. This follows from [3] and [2]. This raises the question when a 
map 

C : G ^ BGLiR 

from a monoid G is homotopy equivalent to a loop map, i.e. ( ~ Qf for 

f : BG^ B^GLiR. 

We have the standard maps 

EG 4 SG, SGLiii 4 BGLiR 
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SO the question is if 



extends over BG, 



croSC : T,G B^GLiR 



BG- 



^BGLi{R) 



■B^GLi{R) 



Proposition 2.8. Let G = S^, R = and C 

{S^)'^ ~ K/p has an Aoo-ring structure. 



1 — p as in Proposition 2.5, then 



Proof. The classifying space of 5^ is CP°° so, in this case the diagram above is 

g2 ^BGL^iK^) 



a 



CP" 



f 



a 



-y B'^GLiiK. 



The space CP°° has a CW structure made of even dimensional cells so that all the cells 
are attached along odd dimensional spheres. The spectrum has non trivial homotopy 
groups only in even dimensions and hence, so does B^GLiK^ . Thus, all the obstructions 
to extending the map SI — p must vanish, which implies that there is an Aoo-x'm.g structure 
on the Thom spectrum K/p. □ 

Proposition 2.9. Suppose that G = 5^, R 



i^p , and ^ = p as in Proposition 2.7, then 



the Thom spectrum has an yloo-ring structure. 



Proof. The classifying space of S'^ is the infinite quarternionic projective space HP°°, and 
SS"^ = — 7> BS^ = HP°° is obtained by attaching even cells along maps of odd dimen- 
sional spheres. Therefore the extension problem can always be solved. □ 



3. Topological Hochschild Homology of Thom spectra 

In the last section, we observed that the Thom spectrum of a loop map carries an induced 
^oo structure. In this setting, there is a convenient description of the Topological Hochschild 
Homology as a Thom spectrum in the ideas of [4] and |10j. In the following G will be a 
group, X a space, and G homotopy equivalent to as ^oo-spaces. R will be an E^o ring 
spectrum. 

The Thom spectrum of a map G BGLiR is a twisted i?-module generated by G. 
If this is a loop map, the construction is that of a twisted group ring. Recall that the 
Hochschild Homology of group rings over a field is given by 

HH^{k[G])^k^H^{G,G) 

where G acts on itself by conjugation. This is the homology of the Borel construction 
GhG ~ EG xgG ^ LBG, the free loop space of BG, and so, HH,{k[G]) ^ k (E) H^{LBG). 
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The analogous statement for Topological Hochschild Homology is the classical result of 
Bokstedt and Waldhausen, 

THH{T,°°nX+) ~ T,°°LX+. 

In the category of i?-modules, the theorem is THH^{R A r2X+) ~ i? A LX^, computing 
the Topological Hochschild Homology of the Thom spectrum of the constant map. More 
generally, let / : X ^ BGLiR and C, ^ : G BGLiR, the Thom spectrum has an 
Aoo-ring structure, and the Topological Hochschild Homology is the Thom spectrum of a 
map from LX to BGLiR. 

In the second part of the section, we apply the theorem for R = and G = , in the 
computation of the previous section. This implies that the Thom spectrum is homotopy 
equivalent to the cofibre of a certain map A CP^ ->■ A CP^. 

3.1. Identifying Topological Hochschild Homology as a Thom spectrum. Recall 
that the free loop space LY fits into a fibration 

VtY ^ LY 

If Y is an i?-space, then the fibration splits as LY ~ y x QY . This is an equivalence of 
i?-spaces if Y is homotopy commutative. 

Let / be a map from X to B'^GLiR and rj : B'^GLiR ->■ QB'^GLiR be induced from the 
Hopf map by 

B'^GLiR ~ Maps{S'^,B'^GLiR) ^ Maps{S^,B'^GLiR) 

~ Maps{S\n'^B^GLiR) 
~ Maps{S\B'^GLiR) 
~ QB^GLiR. 

Let L^f be the map from LX to BGLiR defined by the diagram 




BGLi{R) 



The map rj x id : B'^GLiR x VlB'^GLiR — ^ flB'^GLiR is the product of the maps rj and 
id using the i7-space structure of ilB^GLiR. Without proof, we state: 

Theorem 3.1. There is a homotopy equivalence 

THH^{G^) ~ {LX)^^^ 
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This was proved in the case of the sphere spectrum in [1], [10]. A similar argument 
apphes for any E^-ring spectrum R. This will be accomplished in a future publication. 



3.2. The example of G = and R = K^. By Proposition 2.8, we have the commutative 



diagram, 



52 SI P , ^BGL^{K^) 



a 



a 



(J poo L ^ B^GLi{Kp 

and write THH^p {K/p, f) for the Topological Hochschild Homology corresponding to 
this Aoo-ring structure. 

Proposition 3.2. 

THH^p{K/p,f) ~ {LCP'^y 

where / is the composite, 

LCP'^ H LB'^GLiK!} ~ B'^GLiK!} X BGLiK!} ^ BGLiK^ 



Proof. By Theorem 3.1, THH^p{K/pJ) ~ {LGP°°)^''f. Since 7ri(i^'^) = 0, ry = in this 
case. Hence, the proposition. □ 

The focus of the rest of the paper win be the calculation of 7r*((LCP°°)^) = THH^p (K/pJ). 
First of all we note that: 

Proposition 3.3. There is a long exact sequence 

K"} GP^ CP^ TT^ THH^p (K/p, f) ^ , GP°° . . . 

Proof. Note that GP°° is an infinite loop space, and hence homotopy commutative, which 
implies that LCP°° ~ OCP~ x CP°° ~ 5^ x CP°°. The space is a union of two 
contractible open sets whose intersection is S^, so, there is a homotopy pushout, 

(J poo □ cp^ >GP°^ 

(*) 

T T 



and hence, a homotopy pushout square of Thom spectra 
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(cp°° u cp°°y- 



{CP 



{LCP 



•oo\} 



The two maps CP°° — )• LCP°° in (*) are the inclusion of constant loops, so, the two 
compositions CP°° LCP°° LB'^GLiK^ BGLiK^ are nullhomotopic and the 
Thorn spectra are ~ A CP^. The map from CP°° U CP°° to BGLiK^ factors through 
(jpoc _^ BGLiK^ so, the Thom spectrum {CP°° U CP°°y ~ if^ A GP^ V A CP^. 
Therefore, the pushout can be written as: 



A CP~ yK^^ GP^- 



A GP^- 



■K^AGP^ 



{LGP^yf 



This gives a Mayer Victor is sequence on homotopy groups, 

. . . ^ K^^{GP^) ® K^^{GP°°) ^ k;^(CP°°) © K^^iGP^) ^ 7r.((LCP-)^^) . . . 

To simplify, one needs to understand the left hand map i.e., how A CP^ V A GP^ 
maps to the two different copies of A CP|° in the pushout square. For that one needs 

to examine the structure of P^ , the GLiif^ -bundle over x GP°° classified by /. 

Following the pushout square (*), we see that P-^ is obtained by identifying two trivial 
bundles over CP°° after restricting over CP°°UCP°°, via a map u : CP°°UCP°° GLiK^. 
The adjoint of u is the map u in the diagram. 



GP°° U GP°° ^ GP°° V GP°° ^ 5^ X GP°° >■ ^GP^ V SCP 

BGLiK'^ 

The top row is the cofibre sequence associated to the pushout (*). Since the map x 
CP°° ^ BGLiK^ is nullhomotopic on CP°° V CP°°, it factors through SCP|° V SCP|° 
as u. 

The map u gives two units ui, U2 in the K^^ (GP'^). In the Mayer Victoris sequence 
for the Thom spectrum, these describe the map A CP^ V A CP^ ^ A GP^ V 
if^ A GP^ as the matrix. 
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In fact, ui and U2 are equal because each summand in T,CP^ of T,CP^ V TiCP^ is tlie 
cofibre of tlic map CP°^ LCP°° = x CP°° given by the inclusion of the constant 
loops and both can be defined by the same diagram, 



CP" 



^1 X (jpoo 



T,CP? 



In terms of u, we can rewrite the Mayer Vietoris sequence as the long exact sequence, 



. . . ^ K^^{CP°°) ""-^^ K^^{CP°°) ^ 7r=,((LCP~)^^) 



□ 



To calculate Tr^:{THH^p {K/p, /)), it remains to understand the map u. This is done as 
follows: 

Proposition 3.4. The adjoint of the map u : TtCP^ BGLiR, is homotopy equivalent 
to the composite S^CP^ 4 CP~ 4 B^GLiK^, where /x is the composition E^CP^" ~ 
A CP^ "^'^ CP°° A CPf ^ CP°°. 

Proof. The following diagram commutes: 

51 A X CP°°) ^^S^ A LCP°° '^^^^•^) A LB^GLi{K^) 



-^S' ALCP°° 

ev 

T 

CP°° — 



/ 



^B^GLiiK^) 



Consider the inclusion of the based loops BGL^K^ ^ LB^GLiK^. Under the compos- 
ite, 

X BGLiK^ ^ 5^ X LB^GLiK^ 4 B'^GLiK^, 

the copies x * and * x BGLiKp map trivially. Thus, it factors through A BGLiKp 
as T,BGLiKp 4 B'^GLiK^. We are trying to figure out the map 

5^ X LCP°° ^ 5^ X LB'^GLiK^ ^ x BGLiK^ B'^GLiK^ 

Then, this factors through 

A LCP°° ^S^ A LB^GLiK^ ^ A BGLiK^ 4 B^GLiK^. 
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Also LCP°° BGLiK^ factors through A CP^ as u. Putting all the remarks 
together, we have a commutative diagram, 



^2 A CP~ ■ 




51 A BGLiK^ 




ALCP°^ 



ev 



CP" 



f 




a 



The left hand vertical map from 5"^ A CP^ to A {S^ x CP°°) is the inclusion of a 
factor in the splitting of the suspension of A {S^ x CP°°) ~ (5^ A GP^) V {S^ A CP°°). 
It follows that 5 ~ fj o Sti ~ / o g^, where, 

g : 52 X SC7P_^ ^ 5^ A (S^ X ~ 5^ A LC7P°° ^ CP"^ 

and the composition g ~ ^. □ 



4. The Structure of GLi{K^) 

In this section, we prove a splitting of GLiKp using the logarithm Ip : ghKp — ?> 
defined by Rezk (see [9j). Throughout this section, we assume that p is an odd prime. 



-Li^p 



Proposition 4.1. (Rezk, [9J) Let R be an Eoo ring spectrum. Then there is a logarithmic 
cohomology operation, /p^„, from gli{R) to Lj^(„)(i?) for every n, and prime p. If i? is 
-R'(n)-local, this is a map from gli{R) to P. When n = 1, Ip : ghR R is given by the 
formula: 



lp{x) 



p xP 



[Recall that a 0-algebra structure is described by operations ^ and 6 {ip is a ring homo- 
morphism) such that ip{x) = x^ +p6{x).] 



13 



Proposition 4.2. Suppose that R = K^. The operation Ip : ghK^ — >■ factors through 

kUp, the connective cover of K^^. On homotopy groups, the map is an isomorphism on tt^ 
for n > 2. At n = 2, it is 0. And for n = 0, this is the map 

^ z/{p -i)xZp^Zp 

Proof. The spectrum is ii'(l)-local, and the operation ip is the Adams operation tpp. 
Since ghK^ is connective, the map Ip factors through kup. Recall, that the homotopy 
groups of ghKp are given by 



{Kf{S^)Y=^n{K^) ifn>0 



Since TTnKp is nonzero only for even n, it suffices to restrict our attention to even dimen- 
sional spheres. The iT-theory of S^^ is generated by e where 1 — e = the tangent bundle of 
^2". Hence, 

7r2„(5/i«)) = ghiK^US'^) = {K}\s'^)r = 1 + e7r2n{K^) 

To calculate Ip on Tr2nghKp, one needs to compute lp{l + ke) for 1 + fee G gl^Kp^ {S'^'^) = 

Tro{gli{Kp^ )). To accomplish this, we need to calculate ipp{e). The map p : (S'^)"' S'^"' 
which quotients out the lower cells, induces an injection in iiT-theory, and splits e as the 
product 

/(e) = 11(1-^') 

where Lj is the canonical line bundle over the i*^ copy of = CP^. Since the Adams 
operation ■^p raises line bundles to the p^^ power, 

-Li) = l-LP 

= i-{i-{i-u)r 

The element 1 — lies in the ii'-thcory of 5^, so it squares to 0. Therefore, 

ijp{l - Li) = 1 - {1 - p{l - Li)) 
= p{l-U) 

=^ Vp(l + e) = l+P"e 



Hence, 



lp{l + ke) = -hogC^^^^^'^ 



p ^[l + ke)P' 

-p^'^^OTke)-'^ 

--log{l + (p" - p)ke) {mod p) 



14 



which becomes multiphcation by 1 — ^ {mod p) if n > 0. Since the homotopy group 
TT2n{gliKp) = Zp for n > 0, this is an isomorphism for n > 1. For n = 1, this map is 0. For 
n = 0, the map Ip : Zp = jip-i ^ Zp ^ Zp is given by 

V 

This map has kernel fp-i, the group of — 1)'^* roots of unity, as it takes p-adic integers 
of the form 1 + pA; to 

lp(\^pk) = -hog{{\-rvkf-^) 

= -hog{l + p{l - p)k) 

= -{1 - p)k + 0{p) 
= —k{mod p) 

Therefore, the map Ip on Zp = Up^i x Zp, has kernel and is an isomorphism onto Zp 

□ 

Recall that the spectrum kUp splits into Adams summands, 

ku^ c^By^^B... T.'^P-^B 

where B is the p-adic Adams summand(7r*(i?) = Using this, we identify the image 

of the logarithmic cohomology operation. We construct Kp{2) from the spectrum kUp by 
killing the 2"'^ homotopy group: 

Definition 4.3. Let B2 be the 2-connective cover of B. Define 

Kp(2) = By T?B2 ... V E^P-^^ 
Proposition 4.4. There is a split cofibre sequence, 

V ^^HZp ^ gh{K^) ^ Kp(2) 

Proof. From the definition above, note that ghK^ -V kUp Kp{2) is surjective on homo- 
topy groups. The fibre F has homotopy only in dimensions and 2. The Postnikov tower 
of F then is a cofibre sequence, 

T,'^HZp -^F^ Hvp^i T,^HZp 
Since the group H^{Hup-i; Zp) = 0, the sequence splits and one obtains 

F ~ Hup_i V T.'^HZp 
Therefore, there is a cofibre sequence 

Hi^p^i V J:^HZp ^ gli{K^) ^ Kp{2) 
The next term in this sequence is 

V t^HZp) ~ T.Hup_i V T.^HZp 
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and the next map is Kp{2) TiHup^i V Ti^HZp. Since the spaces in the Adams summands 
are retracts of bUp, their homology concentrated in even dimensions. Therefore, 

[S^'^B, V T,^HZp] ^ H^{B; Up^i) H^{B; Zp) ^ 

Since the spectrum B2 is 3-connected, 

[S^^s, Y.Hup_i V T?HZp] ^ H-\B2; lyp-i) ® H\B2; Zp) ^ 

=^ [Kp{2),H\B;Up_i)(BH^{B;Zp)] = 
Hence, the cofibre sequence splits and 

gli{K^) ~ Kp{2) V Hi^p-i V ^^HZp. 

□ 

We will use this decomposition later to calculate homotopy classes of extensions. For 
that, we also have to understand how the splitting looks like when we map a space X to 
GLi{K^). Recall, [X,GLi{K^)] = The map Ip gives the way to map this to 

[X,Kp^)]. The map K^^{Xy H^{X;Up^i) is the composite 

X ^ GLi(iCp^) ^ 7roGLi(i^;) ^ Z^ ^ Up_i x Zp ^ Up_i ~ i^(z/p-i,0) 

The third factor is Yp'HZp, and we have to understand the map from H'^{X;Zp) to 
K^^{X)''. Now, H^{X;Zp) = [X,K{Zp,2)] = [X,CP°°^]. The space CP~ classifies line 
bundles which are invertible elements in X-theory. 

Proposition 4.5. The map H^{X;Zp) ^ K^^iX)"" is given by / G [X,CP°°^] ^ 
where L'^ is the line bundle classified by /. 

Proof. The formula in the statement of the proposition defines a map of infinite loop spaces 
CP!^^ — > GLiKp, and hence, a map of spectra Y?RZp — >■ gl\Kp. Composing it with Zp, 
we get 

= --log{l) 
P 

= 

The computation above shows that the composition T?HZp gli{Kp) Kp{2) equals 
0. Therefore, it factors through fp_i x Y?HZp in the diagram. 
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To complete this proof, we need to show that the map T?HZp — > Hup-i V Tp'HZp — >■ 
Tp'HZp is an equivalence. The only non zero homotopy group of Yp'HZp is 7r2, so it suf- 
fices to check that the map [S'^,CP'^\ H'^iS^;Zp) as described by the statement IS an 
isomorphism. The left group is isomorphic to Zp, via k L'^, L = the tangent bundle of 
52. The right group is H'^{S'^;Zp) ^ Zp inside K^iS'^)'' as elements 1 + ke, e = 1 - L. 



The map between the two is L*^ 1— > (1 
isomorphism. 



e)*^ = 1 — ke because 



0, and is evidently an 

□ 



5. Calculation of THH 

In this section, we complete the computation of THH for odd primes p. We first param- 
eter ise the homotopy classes of extensions /, 

32 ^^^-P\, T.BGL^{K^) 



a 



Cpoo f ^ B''GLi{K^) 

using the results of the previous section. 
Recall that. 



GLi{K^) = X K{Zp,2) X n°°Kp{2) 



B^GLi{K^) = B^up^i X K{Zp,4) x n°°J:'^Kp{2) 

The condition on the map / is that its restriction to 5^ is 1 — p. The homotopy classes 
of maps from S'^ to B'^GLi{Kp) is split into three factors, 

2. [S^,K{Zp,4)]=H\S^;Zp)=0 

3. [s^,n°°j:'^Kp{2)] = V E^^s V V = [s^,n°°j:'^B] = 

B^{S^) ^ Zp 

In the splitting, 

B^GLi{K^)] = vp_x e ^2(52) © H\S'^; Zp) = Vp_x © 0, 
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1 — p is in the factor Zp, where it equals lp{\ — p) = ap and, 

ap = -hog{{l-p)^-n 

^ -hogil - {1 - p)p) 
P 

^ -l{mod p) 

5.1. Calculation at the prime 3. Let us begin the calculation at the prime 3. The cofibre 
sequence for ghK^ is 

HZ/2 V ^'^HZs gli{K^) K3{2) 

and 

iC3(2) = BVS2B2. 

Therefore, 

GLiK^ = Z/2 X K{Zp,2) x n°°B x 9,°°B2. 

We will study the extension to CP^ of the map 1 — p, to the four factors Z/2, K{Z^, 2), 
0,°°B, rt°°B2 one by one. Let us start with the factor B. The Adams summands are the 
eigenspaces of the action of the {p— 1)'^* roots of unity by Adams operations. The spectrum 
B is fixed by all the Adams operations. The projection from Kp*{X) to B*{X) is given by 

TT = ^ (1 + tpr + ipr2 + . . . + V'cp-2), 
p — 1 

where C ^ i^p-i C Zp . 

For the prime 3, we can take ^ = — 1 and then the projection operator is 

1 + V-i 

Let us start by working out an example. 

Example 5.1. Consider the element /3L G K^'^{CP°°) where /3 is the Bott element. Ap- 
plying the projection, we get 

Restricting to 5^, using L = 1 — e and = 0, we obtain 

/3((l-6)-(l-6)-^) + 
2 2 

= -1 

In order for it to be an extension of the kind required, this restriction must be 0:3, so we 
multiply by —03. This defines, 

P{L-L-') 
f = -as . 

Recall that, THH^i{K/3J) is the cofibre of 

A CP~ "-^^ A CP~ (a) 
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where u G K^°{CP^)'' = [CP^ ,GLi{K^)] is the adjoint of, 

A CP?° 



(J poo L yB'^GLi{K^) 

The group structure of CP°° classifies tensor product of hne bundles so, = L® L. 
This implies, 

H (/) = -a3 

The K theory of 5^ is generated by e = 1 — L with = 0. We can rewrite the equation 
using the generator 

/3((l-e)®L - (l + e)®L-i) 



= -as 



2 



2 

Using the suspension isomorphism (given by /3e = 1) we get, 

fi (/) = -as 

To get u we need to invert the logarithmic cohomology operation. Suppose that u = 
h{x) G Kf{CP'^Y. Then, we have to solve, 

Note that ^^^{x) = 1 — (1 — .x)^ and hence, 

h{xf ' 2 > 

Let us look at the equation {mod 3^,x^). The right side of the equation can be written 
in terms of x using L = 1 — x, and then, = 1 + x + x'^ {mod 3^, x^). Therefore, the 
right side simplifies to 

exp{3a3 ^ — ) = exp(3a3 ^^^ ) 
= 1 + 3a3 + 3^— 



Now we will simphfy the left side of (*). Suppose that h{x) = a + hx + cx^ . In order to 
solve the equation, we have to invert Z3. We know that Z3 has a kernel Zjl V K{Zs,2), so 
the equation can be solved once we know the restriction to these. 
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In the part of HZ/2, a : S"^ ^ CP°° induces an isomorphism in H^{—; Z/2). Therefore, 
the extension is here. The map K^^{CP°°)'' H^{CP°°; Z/2) sends a ^ a{mod 3) 
(identifying Z/2 with the group of units in F3). Therefore, since n*{Q) = 0, we get the 
equation 

a = 1 {mod 3) 

In the factor K^Z^, 2), there is no restriction on /. Assume that it is trivial, so /i*(0) = 0. 
This maps into GLi{K^) by taking a hne bundle over CP°° to the corresponding unit in 
if-theory. If we look at k e Zp = H'^{CP°°; Z3) = [CP°°,K{Z3, 2)], this is the line bundle 

L'^ = {1 — = 1 — kx + ^^^^x^ {mod x^). This is the only factor that gives a non zero 

coefficient of x so, wc get that 6 = 0. 

Therefore, h{x) = a + cx/^{mode 3^, x^) and a = l{m,od 3). The left side of (*) is 

ip{h{l - (1 - xf)) ^ /i(3x - 3x2 ^ ^3^ 

h{xY h{xY 
a 



= a-2(l - 3-a;2) {mod 3^, x^) 



Working {mod 3^, x^), we have 



a (1 — 3-a; ) = 1 + Sa^ + 3 — - — 

Ci Zi 

=^ a = 1 + 3a3 (mod 3^) and c = as (mod 3) 
Thus a = 1 + 3. {unit) and c is a unit (since 03 is a unit). 

Therefore, u — 1 looks like 3.{unit)+x'^{unit). We can choose a different parameterisation 
for ii'-theory of CP°° to assume that n — 1 = 3 + x^. 

Now K^,(CP°°) = K^^ {Po, Pi, . . .} where A is dual to x\ Therefore, 

3 ii j = i 

<{u- 1)(A), >=< Pi, x'{S + x^) >= 



1 if J = f - 2 
otherwise 



Therefore, the map u — 1 on Kp^{CP°°) is given by 



3pi if i = 0, 1 
3A + A_2 ifi>l 



Following the cofibre (a), we understand that u — 1 is injective, and its cokernel has two 
copies of Z/{3°°) in even dimensions. Thus, 

, , , , r\ \ if A; is odd 

nk{THH 3(i^/3),/) = | z/{3'>°)®Z/{3^) if is even 

completing the calculation in this example. 



Now we perform the calculation at the prime 3 for all extensions that are non trivial 
only on the factor Q,^B of GLi{K^). The extension in the example was of this kind. So, 
we are looking at elements in B'^{CP°°) which restrict to as in S"^. 
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An element in K^^{CP°°) is given by Pg{x). Therefore, an element in B^{CP°°) is 

■K{Pg{x)) = 

Suppose that g{x) = a' + b'x + (/x^ {mod 3^, a:;^). Restricting to (using x = e and 
= 0) we get b'. We need to get a^- Thus, to get an extension we must have b' = a^. 

This gives us all possible extensions / on the factor B. Let us work as before {mod 3^, x^). 

Then, 



/ = 



P{g{x) - g{l - j^J) 
2 

P{a' + b'x + dx^ - g{-x - x^)) 
2 

;S(a' + b'x + dx^ - {a' - b'x - b'x^ + dx^)) 



P{2b'x + b'x^) 
2 

I3b'x + ^x^ 



We have to calculate u using 

^2 ^ (^poo 



->B2GLi(K^) 



By definition, the multiplication map takes x to the formal group, which for K-theory 
is the multiplicative group. Therefore, 

xi-^e^l + l<Six — €^x 



=^ (e (8) 1 + 1 (g) X - e (8) x)^ 

= 1 (g) x^ + 2e (8) X - 2e (8) x^ 
To get //* we must project onto the factor S'^ A CP?°. Thus, we obtain 



= e (8) 1 - e (8) X , At*(x^) = 2e (8) x - 2e (8) x^. 
Using these formulae and the suspension isomorphism (5e = 1 we calculate lJL*{f). 

Bh' 

^*{f) = pb'{€ ® 1 - e ® x) + ^(2e X - 2e x^) 
b' 

= b'{l - x) + -(2x - 2x^) 
= b'- b'x^ 
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To get u, we have to invert the logarithmic cohomology operation Z3, as in the example. 
Suppose that u = h{x). Then, we need to solve 

, / X '>P?.{Kx)) , 2xx 

^ h{xf ^ exp{-3b [1 - x )) 

We have the formula ^3{x) = 1 — {1 — x)^. Similar to the example, we assume that in 
our extension the contribution from HZ/2 is 1 and HZ3 is 0. In the same way, this implies 
that if h{x) = a + bx + cx'^ , 

a = l{mod 3) , 6 = 

Then, the equation becomes, 

a-^(l - a^x^) = exp{-3b'{l - x^)) 
= 1 - 36' + 3b' x'^ 

In the same way, we understand that the unit u = l + 3.unit + x^.unit, and so, we obtain 
the same computation 



7rk{THH^s\K/3),f) 



if /c is odd 
Z/(3~) ©Z/(3°°) if A; is even 



Now we want to see what happens if we allow extensions with non trivial contributions 
from the other 3 factors of GLi{K^) = Z/2 x K{Z3, 2) x n°°B x n°°B2. In the part Z/2, 
the restriction H'^{CP°°; Z/2) H'^{S'^; Z/2) is an isomorphism. So, this factor always 
contributes trivially. 

For the factor K{Zs,2), the group [52,^2^(^3,2)] = [5^, i^(Z3, 4)] = H^{S^;Z3) = 0. 
Therefore, there is no condition on / here. The group H^{CP°°; Z3) is generated by and 
/ is given by ax'^ for some a G Zp. To compute u, consider: 

^2 ^ (J poo 



(jpoo 

Note that in this case, //*(x) = e (g) 1 + 1 x, which implies 

li*{x^) = (e I + 1(E) x)"^ 
= 2e (g) a; + 1 (g) 



To get u wc have to project to 5^ A CP!^ and apply the suspension isomorphism. Then, 
we get 2ax € H'^{CP°°; Z^). Recall from the previous section that, from this we get the unit 
by taking L^", where L = (1 — x) is the canonical line bundle. Therefore, the contribution 
to u from this factor is (1 — x)^". 

Now if a is divisible by 3 then, we still get that our u = 1 + 3. unit + x'^ .unit which results 
in the same calculation for Tr*{THH^3 (K/3, /)). If a is not divisible by 3 then, it is a unit. 
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SO that u = 1 + 3. unit + x.unit. Therefore, by reparameterising we can write u — 1 = 3 + x. 

3 if J = i 

^<{u-l){/3i),x^ >=</3i,x^{3 + x) >= < 



1 ifj = i-l 
otherwise 



3/3i ifi = 

3A + A_i ifi>o 



Therefore, in this case, 

7rk{THH^^{K/3)J) 



if A; is odd 
Z/{3°°) if A; is even 

Now consider the factor T^B^. We know that this is 5-connected. So, if we look at 
extensions we know that they always restrict to G K^iCP"^). Since we are working 
{mod x^), this means that these extensions always give 0. 

Therefore, we get that, depending on / either Tr^THH^'i {K/3, /)) = (Z/(3°°))* m even 
degrees where i = 1 or 2 depending on /. 

This finishes our calculation at the prime 3. 

5.2. Calculation at primes > 5. Let us now look at the other odd primes and work 
{mod x^, p^). Recall that there is a splitting 

GLi{K^) = z/p_i X K{Zp,2) X n°°Kp{2) 

Kp{2) = BV S2^2 V . . . E^P-^S 

We start by working in the factor B of Kp{2). The projection operator from Kp*{X) to 
B*{X) is given by 

1 + V'c + V'c^ + • • • V'cp-^ 



TT = 



p-1 



Define k to be the composite, 



K^*{CP^) 4 A CP~) 4 ii:^*"^(C7P°°) 

First observe that the following diagram commutes: 



K^^{CP^ 



> K^'^{CP^) 



Kf{CP°°) — ^ K^''{CP 



-AO/ 



This implies all Adams operations hence tt, commutes with n. 

Write X = 1 — L for the generator in Kp'^{CP°°) amd e its restriction to S"^. We have 
to look for / as in the diagram. 
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S(l-p) 



CP^ 



f 



a 



Suppose that / is given by Tr{Pg{x)) where g{x) = ao + aix + . . . + ap-ix'^ ^ {mod x^, p^). 
Claim: 

K{Pg{x))=g'{x){l-x) 

Proof. It is enough to check this on the generators a;". The multipUcation takes x to the 
formal group of /^-theory, which is the multiphcative formal group. 



Therefore, 



^l*{x) = e®l — e® X 

= ^(e ® 1 + 1 (8) X - e ® x)" 

= ^(1 (g) + ne (g) x""^ - ne (g) x") 

n is obtained by projecting this onto the factor S"^ A CP^ of the product, and then 
applying the suspension isomorphism (^e = 1). Therefore, we obtain 



= nx^-^{l-x) 



□ 



If we restrict f to S^, we get 

Tr{Pg{e)) = 7r(^(ao + aie)) 

1 + V-^ + V;^2 + ■ ■ ■ V>^p-2 

= ( ^ )(/3(ao + aie)) 

p-1 

The action of the Adams operations on the Bott element and e are given by 



Therefore, 



MP) = - , V'a(e) = 1 - (1 - e)« = ae 



p — 1 

/3{ao{l + C-^ + C-^ + ... + C^-P)) 
p-1 



24 



Since ( is a {p — ly^ root of unity, we get 

1 + c~' + c~' + • • • + c^'" = C'^ +e'^ + ---+c 

= 

This shows that 7r{f3g{x)) restricts to ai G B^{S'^). Thus, we have that ai = lp{l — p) = Up. 
We need to calculate u from the extension Tr{Pg{x)) by solving. 



lp{u) = KTr{Pg{x)) 

= 7rig'{x){l-x)) 

Suppose that h{x) = g'{x){l — x) = cq + cix + . . . + Cp-ix^^^ {mod x^, p^). Then, 



p-i 

^^h{l-{l-xf) 

i=0 



p-1 



Let us look at the coefficient of in the above equation. 



i=0 



p-1 



i=0 



p — 1 



j=0 



p-1 



i=0 



Since ( is a {p — ly* root of unity, 



p-l\i _ 



p-1 



if z = l,2,...,p-2 
p — 1 ifz = 0,p — 1 



The binomial coefficient (^) is a polynomial in y of degree a with the constant term and 
the top coefficient l/a\. Therefore, 



. a J \ a J \ a 



if a = 1,2,... ,p- 2 

^IP-^ ifa = p-l 
p-1 ifa = 
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Therefore, we get 

r ifa = l,2,...,p-2 



K-")]o = E (I) (-!)' = { 



n« _ / (1 - 1)" = if n > 
1 ifn = 



The other possible non zero coefficient is [7r(a;")]p_i. If n = 0, this must be 0. If n > this 
gives 



llp-l 



liv-l 



(•;)(-)' 

= -(1 -!)" + ! 
= 1 {mod p) 
Summarising the calculation (mod p), we get 

{1 if a = 0, n = 
1 ifa = p-l,n>0 
otherwise 

Now we are in a position to calculate 7r{h{x)) {mod p) 

7r{h{x)) = 7r(co + Cix + . . . + Cp-ix^~^) 

= co7r(l) + cin{x) + . . . + Cp_i7r(xP"^) 
= Co + cixP-^ + ...+ Cp-ixP~^ 
= Co + bxP-^ 

where cq = ai and 

b = ci + ... Cp-i 
= ai - 2a2 + 2a2 - 803 ... — (p - l)ap_i + (p - l)ap_i — pUp 
= ai {mod p) 
Thus the equation for u {mod p) reduces to 

lp{u) = ai + hx^"^ {mod p) 

=^ Aiog{M^) = ai + bxP-' {mod p) 
p vP 

=^ 'M!^^ = exp{-p{ai + bxP-^)) = l-pai+ pbxP-\mod p'^) 
vP 

We are looking at extensions which are non trivial only on the factor B. This implies 
u{x) G B^{CP°°) which implies u is in the image of tt. By the calculations above, this 
implies that u{x) = do + c?ix^~^ {mod x^). Then, 
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vP doP + pd^-^ixP-^ 



Therefore, we obtain 



do P = l- pai 



1 



do = (1 -pai)i-p 

1 P 
= 1 - ai 

1 — p 



= 1 — pai ( mod p ) 

^ di = -do^b 

= — 1 {mod p) 

Therefore, do = 1 + p.unit and di = unit. Thus, u = 1 + p. unit + unit.xP~^. We can 
reparameterise so that u = 1 + p + 

< {u-l){/3i),x^ > =< Pi,x^{p + xP-'') > 

p ii j = i 
1 if j = i _ (p _ 1) 

otherwise 



pPi if^ = 
p/3i + A-(p-i) if i > 

Inputting this in the long exact sequence (a), we get 



tmjuK'' tT^i f\\ / if A; is odd 

Now let us look at what happens if we allow non trivial extensions in the other factors. 
Under restriction to 5^, Hu'^_^{S'^) = Hu'^_^{CP°°) = Vp-i- The element 1—p gives 
1 G Vp-i- So, this part always contributes trivially. 

The factor T?B2 is (2p - l)-connected. So, [C P^''^ B2] = 0. Thus {mod x^) this 
factor is always trivial. 

Next lets look at the factor Yp'HZp. Since [S"^ ,Tj'^H Z.^^ = HZp{S'^) = 0, wc have no 
condition on / from this factor. The group HZp{CP°°) is generated by x^. Suppose that 
/ is given by ax"^ G HZ^{CP°°). To compute the contribution to u, we have the diagram. 




Cpoo i >-K{Zp, 4) 
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Under /x, x pulls back to the formal group and thus, 

H*{x^) = (e (8) 1 + 1 (8) x)^ 
= 2e (8) a; + 1 (g) 

Projecting this to the factor 5^ A CP^, and applying the suspension isomorphism we get 
2ax G HZl{CP°°). The map from HZ^{CP°°) [CP°° ,GLi{K^)] = Kf{CP^Y is 
given by ax — ?• (1 + a;)". 

Therefore, if a is divisible by p then we still get that u = 1 + p. unit + x'P~^.unit. This 
does not change the calculation of THH^p {K/p, /) . If a is not divisible by p, then it is a 
unit. Then, u = 1 + p. unit + x.unit. This can be reparameterised to u = 1 + p + x. Then 



<{u- l){Pi),X^ > =< A, x^{p + x) > 

p if j = i 
1 if j = i - 1 
otherwise 



Therefore, we obtain 



pPi if^ = 



nkiTHH^p{K/p,f)) 



if is odd 
Z/{p°°) if A; is even 

The other factors are S^'^B for A; = 2, 3, ... p — 2. These correspond to the eigenspaces of 
the action of the Adams operations where i/j^i acts as The projection operator is given 

by 

1 + C" + C"^Vc2 + • • • + C"^^^"^Vc^-2 

TTfe = ^ ^ 

p-1 

The group [S'^,^}^T.'^T,'^''B] = i?^^+^(S'^) = 0, so, there is no condition on restriction to 
S'^. Then, we may choose any iTk{Ph{x)) for /, and u must satisfy, 

lp{u) = K{TTk{l3h{x))) 
= TTkWhix))) 

= 7rk{f'{x){l-x)) 
Now assume g{x) = h'{x){l — x) = cq + cix + . . . + Cp-ix^^^. Then 

T^Mx)) = ^^—^ ^ — {g{x)) 

_ 1 + C-^(l - (1 - x)^) + C-^^ff(l - (1 - x)<^') + ... C-^(^-^)ff(l - (1 - x)^"-') 

p-1 

The following proposition is useful to complete the calculation 

Proposition 5.2. There is a polynomial fk{x) = x'' + a^^ix'''^^ + . . . such that, Im{'iTk) 
has polynomials that are multiples of fk {mod x^) . 
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Proof. These polynomials are in the p-adic ii'-theory of CP°°. By looking (mod x^), we are 
restricting to the iiT-theory of CP^~^. It splits into eigenspaces 

K^\cp^-') = elllA, 

where A^. = [CPP~^,fl°°Y,'^''B] = B'^^{CPP~^) is the eigenspace on which the Adams op- 
erations ijji^ act as multiplication by C,^. vr^ is the projection on to the eigenspace K}^. In 
this decomposition, dim{A.Q) = 2 and dim(Ak) = 1 for all k > 1. Therefore, A^ = span{fk) 
for some polynomial f^. To see how the polynomial fj- looks like we compute Trk{x) (note 
7rjt(l) = 0, so we don't get any information out of it). 

^ ^ 1 + c-Vc + C-'Vc^ + • • • + C-'^-'Vc^-2 , , 

TTkix) = ^^—^ ^ {x) 

p-2 



^ 1=0 
^ 1=0 n=l ^ ^ 

^ i=Q n=l ^ ^ 



n 



Lets look at the coefficient of x" in the above formula. (^) is a polynomial of degree 
in y, and therefore, — has terms of degree —k to —k + n. So, if we sum the 
series, it is if /c < n. Thus, the first possible non zero coefficient of x is in degree k. The 
coefficient of x^ in 7rfe(x) is given by 



^ i=0 ^ 



1 ^'"^ 1 

J_y(_iy-il 
^ A;! 



?=o 

1 



(p - l)/c! 

So, this is a unit in Zp. Therefore, Im{'iTk) = Span{fk) where fk looks like x'^ + 0{x''^^). 

□ 

Therefore, Trk{g{x)) = cfk{x) for some constant c. The equation for u is 

lp{u) = -Kkigix)) = cfk{x) 

=^ = exp(-pc/fe(x)) 

If c is divisible by p, then {mod p^) the above equation is 0. If c is not divisible by p, 
then the coefficient of x'^ in the right side is p times an unit. We can solve for u as in the 
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cases before. From here, we get a contribution = unit.x^. Therefore, the unit becomes 
u = l + p. unit + x^.unit. As before, we have the long exact sequence (a) 

K^^{CP^) ""^^ K^^{CP^) ^ TT,{THH^p{K/p,f)) 

and, 

< {u-l){^i),x^ > =< Pi,x^{p + x^) > 

p if j = i 
1 \i j = i — k 
otherwise 

=^ (n-l)(A) = | ^J^ = 

^ \ p/3i + ft„fc if z > 

Therefore, we obtain that 

, (rj.rjrjK'^d^i / if 71 is odd 

=^ TTniTHH r(K/pJ)) = ^ {Z/ip^f if n is even 

This ends the calculation for all odd primes. The homotopy groups of THH^v (K/p) are 
in odd degrees and {Z/{p°°))^ in even degrees, where A; is a number between 1 and p — 1 
depending on the structure on K/p. This result was proved before by Angeltveit ([I]). 
He used the Bokstedt spectral sequence to calculate Topological Hochschild Homology. 

Remark 5.3. : This is the calculation identifying K/p as the Thorn spectrum of S"^. A 
similar calculation can be carried out for the Thom spectrum of to get the same results. 
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